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Some Stability Conditions for a Compressible

Elastic Material

by

Kenneth N. Sawyers and Ronald S. Rivlin
Lehigh University, Bethlehem, Pa., U.S.A.

Abstract
~J

- Two sets of restrictions on the strain-energy function
for a compressible isotropic elastic material are obtained
which are necessary conditions for stability of the material.
These arise from the following considerations. (i) A rec-
tangular block is subjected to a finite pure homogeneous defor-
mationeand an infinitesimal pure homogeneous deformation with
arbitrary principal directions is superposed. The dimensions
in two of these principal directions are held constant. Then
the incremental modulus associated with the third principal
direction must be positive for stability to obtain. (ii) In
the initial pure homogeneous deformation one pair of faces of
the block is force-free. The superposed infinitesimal pure
homogeneous deformation has one of its principal directions nor-
mal to these faces, which remain force-free, and the principal
extension ratio corresponding to another is unity. The incre-
mental modulus corresponding to the third principal direction

must be positive for stability to obtain.®~—




1. Introduction

It has been argued elsewhere [1] that although convexity
of the strain-energy function with respect to arbitrary per-
turbations from an equilibrium state of finite deformation is
not a necessary condition for stability of an elastic material,
convexity with respect to certain restricted classes of per-
turbations is necessary.

In earlier papers the restrictions imposed on the strain-
energy function for an isotropic elastic material by certain
considerations of this type have been obtained. Baker and
Ericksen [2] and Ericksen [3] obtained the restrictions on the
strain-energy function which - although it was not presented in
this way - express the condition that the incremental shear
modulus in an isotropic elastic material, compressible or in-
compressible, be positive for simple shears superposed on a pure
homogeneous deformation, when the direction of shear is a prin-
cipal direction and the plane of shear is a principal plane.
Sawyers and Rivlin [4,5] obtained corresponding conditions in
the case when the material is incompressible and the plane of
shear is a principal plane, but the direction of shear is arbi-
trary in that plane. In [4], as in [3], the result was
obtained in the form of the equivalent conditions that the
secular equation for the determination of the velocities of
plane waves of infinitesimal amplitude propagated in a principal
plane of the underlying pure homogeneous deformation yield only

real solutions for all directions of propagation in that plane.

In [6] the restriction in [4] of the direction of propagation




to a principal plane is removed and in [7] the restriction of

the plane of shear of the superposed infinitesimal shear to a
principal plane is removed. However, the results obtained in
(6] and [7] are in a less explicit form than those in [4] and
[5].

In [8] conditions that the secular quation for the deter-
mination of the velocities of plane waves of infinitesimal
amplitude, propagated in a principal plane of the underlying
pure homogeneous deformation, have only real solutions are
obtained in the case when the isotropic elastic material is
compressible. Unlike the situation when the material is in-
compressible, these conditions are not equivalent to those that
the incremental shear modulus be positive, since the waves are
not necessarily transverse shear waves.

In the present paper two further sets of necessary con-
ditions for material stability are obtained for the case when
the material is compressible. One of these arises from the
following consideration. A rectangular block of the isotropic

elastic material is subjected to a finite pure homogeneous de-

formation and then an infinitesimal pure homogeneous deformation

with two of its principal extension ratios equal to unity is’
superposed on this. The principal directions for this super-
posed pure homogeneous deformation are arbitrarily chosen.
Then, the condition that the incremental modulus associated
with the third principal extension be positive is a necessary

condition for material stability.

Suppose now that in the initial finite pure homogeneous




deformation one pair of faces of the rectangular block is force- ‘

free and in the superposed infinitesimal pure homogeneous defor-

mation one of the principal directions is normal to these faces,

which remains force-free in the superposed deformation. We

suppose also that in the superposed deformation one of the prin-

cipal extension ratios, corresponding to a principal direction

normal to the force-free faces, is unity.

that the incremental modulus associated with the third prin-

Then, the condition

cipal extension be positive is a necessary condition for mater- |

ial stability.
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2. Basic equations

We consider an isotropic elastic material to undergo a defor-
mation in which a particle in vector position £ with respect to
some fixed origin moves to vector position { . Let EA and XA
(A=1,2,3) be the components of g and X respectively in a rec-

tangular cartesian coordinate system x . The deformation gradient

g 1is defined by

g = |lgggl' = |19X,/585] ] (2.1)

and the Finger strain matrix by

c=gg, (2.2)

where the dagger denotes the transpose.
The elastic properties of the material are characterized by

a strain-energy function W , measured per unit initial volume.

This is expressible as a function of C through three basic

I

strain invariants of C , denoted I I and defined by

1’ "2’ 73

2 2
I, =trC, I,=3z{Ctrc)? - tr c’},

1
(2.3)
= = 1773. 2 3

I, =detC 3{11 3I,tr C%+ 2tr C }
The Cauchy stress matrix o 1is given by
o = —2— [(W.+I.W,)C - W_C% + I_W_s} (2.4)
~ 1% 1 1272 2< 37327

3

where & 1is the unit matrix and wl, W2, W3 are defined by
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6.
Wy = 3W/3I, (A=1,2,3) . (2.5)
We denote by dg, dC, dIA, do the changes in g, C» IA’ o
associated with an infinitesimal superposed deformation
§ + X + dX . Then, from (2.2) and (2.3) it follows that
dc = gagt + (ag)g", dr, = 2tr gdgt ,
(2.6)

dI, = I,dI - tr(CdC), dI

2
> = Iedll- Iltr(gdg) + tr(C dg).

3

From (2.4) we obtain

dg = ;%_ {(W +1,Wy)dC - w2d(g2) + W,CdIy+

3
- ) 2
;%75 {(Wy+1,W)C - W CohdI
. 2 f{(w +I.W_,)C - W_,C2 + I.W §}dI1
T2 asp 1ATT172A02 2A= 373A21% A -
3

9]

w3§d13}




3. Infinitesimal superposed pure homogeneous deformation

We now consider that the deformation £ + X 1is a pure homo-

~

l’AZ’)‘3

and principal directions parallel to the axes of a rectangular

geneous deformation with principal extension ratios A

cartesian coordinate system, X say. If n are the components

AB
in the system X of a unit vector parallel to the axis Xp

then

=T = 2
AR T 4 nap"ppp » Cas % NpAptpprp o
2 L
(C%)pp = % NapPppip » (5.1)
_.2..2..2 L 12,2.,2,2,,2,2 L 12,22
= 20202 1 = aB2a22aAl 1, - a8

We also consider that the superposed infinitesimal deforma-
tion X » X + dX 1is a pure homogeneous deformation with principal extension

ratios 1 + dA 1+ dA2 , 1 + dx and principal directions

1 3
parallel to the axes of the system x . Then, from (2.6),

dgyg = 8apdr, » dCyp = Cpp(drp+drg), dI, = 2 ; Cpadry >

< _rr2
dr, = 2 {IchA (c )AA}dAA s
dI, Loda, (3.2)

3%

-~

)
A
3 2 -
= 2 ] (C7-I,C%+ I,0),dry = 2I
& < <

2y o o ep2
d(C%)ap = 2(C7)pgldA +drg) + 2 g CapCpgd?p

e




4. Constrained simple extension i
We now envisage that, after the material is subjected to the
pure homogeneous deformation with extension ratios Xl’l2’x3
and principal directions parallel to the axes of the system x ,
a rectangular block with its edges parallel to the axes of the
system x 1is cut from it and held in its deformed state by appro-
priate forces applied to its faces. It is then subjected to an
infinitesimal pure homogeneous deformation, with principal exten-
sion ratio (1+dkl) in the xl—direction, while its dimensions !
parallel to the x, and x3-directions are held constant.
In this infinitesimal deformation, only the normal forces
acting on the faces perpendicular to the xl-direction do work. 2
We accordingly calculate the incremental modulus ¥ , say, for f:

this extension parallel to the x1~direction. It is given by

90
- 11
H (571—)A \ . (4.1)
2’73
With (3.1) and

N

diy = (dr,,0,0) , (4.2)

equations (3.2) yield

= = = l*
dgll = glldkl, dCll chldxl, dI1 ZClldAl, i
. cc2 ."
dIe - Z{Ilcll (¢ )11}dkl ’ (4.3) }

2 - 2 2
a1, = 213dx1, d(c?),,; = 2{(C )y * CI A, .




9.
Then, (2.7) and (4.1) yield
2 2
u = {L.W + 2LIW} (4.4)
Igl 14!
3
where Ll is the linear operator defined by
- d 2 3 3
by = e * Gy €11) 51, ¢ 15 3T (4.5)
With (3.1), the expression (4.5) may be written as
_ .2 42, .2 2. 2,2, 0 2,42,424,.2
Ly = (ngydy#myphp+ng423) 3T, [A7(A5+A3)ny,
2,42 .,2,.2 42,,2,,2y.2 ; 3 ]
* AR AR A (A5 5Tt s 3T, - (4.6)
In the Appendix, §7, we have derived the conditions that
y have a positive minimum value for real values of L T ILEPE
With the notation
- 2 4 - w2
My = ZOW v 2R W * A0 W,0) 0 A= W Wl p s
@ = W1W12- W2Wll + 413(W13W12-W23W11) s (4.7)
O o= W W o W, + AT (W W, W)
these conditions are
MA >0, A >0,
(4.8)
AT
st (022 - =3 20,
2221 -1,-3) AT
At1 "2 A A




10.
and
20(-0 5%— +0 22— + 41, S3W
1 2 3 (4.9)
$2(-0 g0+ 0 g3+ 481, F%—)ew > 0
1 2 3

If any of the conditions (4.8) is not satisfied then v
does not possess a minimum stationary value for any real value

of n In this case u has its least value when the vector

1A 7

n lies in a principal plane of the underlying pure homogeneous

1A
deformation. If, on the other hand, the conditons (4.8) are
satisfied, but (4.9) is not, the minimum value of u 1is negative,

i.e. the necessary condition for material stability is violated.

ey




5. Constrained simple extension in 2 principal plane

We shall now consider the special case in which the X3

and §3 axes coincide, so that the direction of the infinitesi-

mal extension lies in a principal plane of the underlying finite

pure homogeneous deformation, the ilfz plane. We then have

nl3 = 0, and the expression (4.6) for L1 becomes
_ .2 42,2 42y 2 2,y2, 2.2
Ly = (n3;A7+m330) 51, + A OG*A3)ng,
2,.2.,2y.2 1 9 9
+ A5 (Ag+ATIng ] 31, R 3T, (5.1)

With (5.1) the expression (4.4) for u may be written as

_ 2 k 2 2
> {ny (A (Kg*AgLy) + ¢y
3
2 2 42 2 2 P
+ nllnlz[AI(K3+A2L3) + AQ(K3+A1L3) + chg]

Lo\ 2 2
+ nl2[X2(K3+K1L3) + C22]} , (5.2)
where
K, = W.+X2W_ , L, = W_+\°W

A 1 "A2 A 2 "AT3

1 _,2,2 2,2 2 2
7 CaB = Aatm {W11+(2I1'AA'AB)W12 ¥ (Il'AA)(Il'XB)Wez}

2,,2 2 2 2 2
* Tl (g gy + DaT -2 = Ap (T -2p) TWo,

+ I3W33} . (5.3)

We can easily find the necessary and sufficient conditions that

u , given by (5.2), be positive for all choices of Nyys N,

By taking = 1,0 and 0,1, we see that the conditions

By19045

et s e e




12.
Fl3 >0 and F23 >0 , (5.4)
with F13’ F23 defined by
Foo= K.#a2Lsc. /22, F_. = K +\2L +c_ /22 (5.5)
13 3 7273 T11' "1 ? 23 3 7173 Te22' "2 ? '
are necessary. If these conditions are satisfied, we can re-
write (5.2) as
1 % _ 2 ¥ 2 % .2
7 13w = (A FigmniA,Fo0)
2 2 % % 42 -c. -
* R [ FIg*ALF5)" + 2 5mcyy7¢5,] (5.6)
Accordingly the necessary and sufficient conditions that wu
be positive for all choices of n,,»n,, are
% ks 2 32 2 2
2A A FTaFag + AT(Kg*AGL:) + A5 (Kg#Als) + 2¢0, > 0, (5.7)

together with the conditions (5.4).

Of course, if u 1is to be positive for all choices of
Noa parallel to any of the principal planes of the underlying
pure homogeneous deformation, the corresponding conditions are

C C
_ 2 AA - 2 BB
Fac = K¢ * Mgl * 5> 0, Fpo = Kg + Mlg + 5= >0,
A A
A B
A AGFEFE. + A2(K*A2L.) + A2(K*A2L.) + 2€,5 > O (5.8
A*BFACTBC ARe*tARlc B (Kc+Aple AB .8)

(ABC = 123,231,312),

where LN La and Cpp 2aT€ defined in (5.3).
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6. Extension with force-free surfaces

From (3.2) and (2.7) we can obtain an expression for the
change doll in the normal component of the Cauchy stress, in
the xl-direction, associated with an infinitesimal pure homo-
geneous deformation with principal extension ratios 1 + dkl ,
1l + dkz, 1 + dk3 and principal directions parallel to the axes

of the coordinate system X :

_ 2 2
do,, = = ({zcy wi+2[1,Cp - (C EER LA L2
3

2
* Z {-C Wy -11,C - (CT)  TW+T W kdA

+ 2{cC Candry - 2 CoaCagdr W,

11

+ 2{ ; (LlLAW)dAA}] , (6.1)

where LA is the linear operator defined by (cf.(4.5))

3

= 9
LA-CAAW+[ICAA(C)AA]—3_TE+I3-3—I;' (6.2)

Let d"ll be the normal component of the Piola-Kirchhoff
stress in the xl-direction, associated with the infinitesimal
pure homogeneous deformation, and based on the configuration

prior to this deformation as the reference configuration. Then,

dwll = dcll + cll(dA2+dA3) . (6.3)

Introducing the expressions (2.4) and (6.1) for 9,4 and doll,

we obtain, with (6.2),




14.
_ 2
dr ) = X {LleAl+2I3W3(dx2+dx3)
3
+ 2(Cqy g Cap - E CiaCA1 ) Wodh y
+ 2 ) (L L,wydr,} . (6.4)
i 17A A

Corresponding expressions for dw22 and dn33 can be written
down by appropriate permutation of the subscripts.

We now suppose that in the initial finite pure homogeneous
deformation, the normal stress in the x3-direction is zero. We
choose the x3—axis of the coordinate system x to coincide with
the §3-axis. Furthermore, it is assumed that in the superposed
pure homogeneous deformation the faces of the block normal to the
x3-axis remain force-free, while the xz-dimension of the block is
held constant. We shall call this superposed deformation par-

tially constrained simple extension. Then, the only forces which

do work in the superposed pure homogeneous deformation are those
applied normally to the faces of the block which are normal to the
xl-direction. We shall calculate the incremental modulus u in

this case. u 1is defined by

o= dmo/dh . (6.5)

The condition that the faces of the block normal to the

x3-direction are force-free yields

Oyq = 0 and dn33 =0 , (6.6)

We now introduce the condition that the dimension of the
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block parallel to the x2-axis is maintained constant in the
infinitesimal superposed deformation, i.e. dxe = 0 . Then,
bearing in mind that C13 = 0, (6.4) yields
dr. . = 2 {[(L +2L2)w1dx
11 ;E 1

3

+ 2[C11A3W +IW +L L W]dALT. (6.7)

From the expression for dw33 corresponding to (6.7), we obtain
the condition (6.6)2 for the surfaces normal to the x3-axis to

be force-free as

2 A 2 -
[(Ly*2L5IWIdA S + 2(Co AT ¢I W +L LW)dA = 0 . (6.8)

The condition (6.6)1 yields, with (2.4),
- _p2 L2 -
L3W W1C33 + W2[C33(C11+C22) (C13+C23)] + 13W3 0 . (6.9)
From (6.7) and (6.8) we obtain, with (6.9),

- or=d; 2y -1 25wt 2w. 32 2
u 213 (LBW) {(Ll+2L1)WL3W 2(Cll 3W2+I W lL3W) } . (6.10)

We note from (4.4) and (6.9) that

ng >0 (6.11)

is the necessary and sufficient condition that the incremental

modulus for constrained simple extension in the x3-direction be




16.

positive, if the faces normal to the x3-direction are force-free
in the underlying pure homogeneous deformation. With the con-
dition (6.11) it follows from (6.10) that the necessary and

sufficient condition for u to be positive is

(L1+2L§)WL§W > 2(cllx3w SINoeL W)2 : (6.12)

We see, as in §§4 and S, that (cf.equations (4.4) and (5.2))

2 .2

214 = 22 e .
(L *2L7)W = AJF,.n 11‘“(A F13 l2F23 2€157C117C0)N 07,
« A2F_ ¥ (6.13)
2f23M12 .
where Fl3’ F23 and CAB are defined in (5.3) and (5.5).

Also, with (3.1)2 and Ny = (0,0,1) equation (6.2) yields

22 2.2 3 2.2 2. 2 2,2 .2, 2 3
(AIny;+A5n0,) L) oul [ (Az*+A3)nT) A5 (A5+A])ng,) 3T,

]
+ 13 FTB » (6.14)

[
\

2. 9 2. .2, 3 2.2 3
3 = A3[§Il v (A1+A3) 3T, AT, 3T, ]
Thus,

L L W = f(c )

13 ll 23 12
(6.15)

With (6.13), (6.14) and (6.15), the relation (6.12) can be

rewritten as
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17.
anh + ZBn2 n2 + Yn >0 (6.16)
11 11M12 12 ’ .
where
L2 ) 2.2
a = A%F Leiy - 40ATL, 2c13 ,
2 2
Y = A F 3¢5 - 4“2*31‘1*'2%3) ’
1 5 (6.17)
B = 3 Cc33(AJF, 5% x2F23 +2€1,7€177C5,)

2, 2,2, 1
) 4(A1 L, Zc13)(x2 3L1*3%23)

By means of an argument similar to that used in §5, we see that
the necessary and sufficient conditions that (6.16) be satisfied

for all choices of n are

11° Mo

a>0, y>0, B8 +adyis>o0. (6.18)

These are the necessary and sufficient conditions that the
incremental modulus be positive for partially constrained exten-

sions parallel to the principal plane of the underlying

X1%2
pure homogeneous deformation. The corresponding conditions for
partially constrained extensions parallel to the other two prin-
cipal planes can be obtained by cyclic permutation of the sub-

scripts in the expressions (6.17) for a,8,Y
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7. Appendix
In order to determine the values of A for which u ,
given by (4.4), has a stationary value, it is convenient to

introduce the notation NA = niA . Then, substituting for N3

from

Ny +# N, + N, =1 (7.1)

1 3

in (4.6) and introducing the resulting expression for L in

1
(4.4), we obtain
b 2 () N2+2q. N.N.+a.  N2+28.N,+28.N_+y) (7.2)
s 117171 0N N TN T ER N TEBNTY T .
3
where
2 = 2 =
ayy = 2M1W » O, 2M2W » 9y, 2M1M2W ,
281 = (M1+4M1N)W , 282 = (M2+4M2N)w ,
2
y = (N+2N)W , (7.3)
and Ml,Mz,N are linear operators defined by

o (12.42y,_3 2 3 o (12.22y(.9 2 3
2, 38 2,,2y 0 2,2 0

y has a stationary value when Nl’Nz satisfy the equations

~3

.

(%)
Nt

ag Ny +ag Ny + B = 0, ag Ny + o Ny + By = 0. (
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These equations yield
@y58,70,,8; a;,8;79,,8;
Nl = 5 s N2 = > . (7.6)
%11%227%12 Q11%27%5

These values of Nl,N2 yield real values of nia provided that

N. >0, N,2>0 and Nl + N2 <1. (7.7)

e Since the values of Nl,N2 for which u has a stationary
value satisfy equations (7.5), it follows from (7.2) that this

stationary value of p, if it exists,is given by

{

2
S AR NG (7.8)
3

It is easily seen, by considering the second variation of

u , that the values of Nl,N2 given by (7.6) yield a minimum

stationary value for u if and only if

a >0 . (7.9) ‘

a..>0, a,.,> 0 , and %11%57% 5

22

With (7.3) and (4.7}, we note that the conditions (7.9) are in

fact (4.8)1, with A=1,2, and (4.8)2 . In turn, these conditions

imply that M3> 0 . To see this, we note the identity

2 2 ,2,2 2 2,2 2 2 ,2,kh,2
16A°8 + [(A5-2°M - (A]-AD M1+ (A]-23) "3 .

_ 2_,2,52 2_,252 2_,2,2 -
2(AI-23) M3{(A2 A M (A7) M2} , (7.10)

h-u.....________________________________________.




where
e 12.121(12.127712.42 -
A (Az A3)(A3 xl)(xl Ae) . (7.11)

Then, since A > 0 , the left-hand member of (7.10) 1is

positive and, since M;>0, My > 0

Using the expressions (7.3) for the a's and B8's in

, we conclude that M3> 0

(7.6), we can obtain expressions for Nl’Ne’ and from (7.1)

we obtain N3 . Thus, with the notation (4.7) and (7.11), we

obtain

12,2 2, ,12,2
4AAN] = (AZ-A3) (0+A19-4A5A30) (7.12)

while corresponding expressions for N2 and N3 are obtained

by cyclic permutation of the indices on the X's . We use these

expressions for N;sN,5,N to obtain

3

20 ex2N 22N Y = -
40 (AIN #ASN+ASN ) o,
(7.13)
212,12 2,,2,,2 2,,2,,2 -
48125 (AS*AIN, + AS(AHATIN, + AS(AT#AZINS] = ©
From (7.13), (4.4) and (4.6), we have
1 ] 3 ]
o= {4a-9 + 0 + 4Al 1w
8A§I§ 3T, T, 3 3T,
39 3 3 42
+ 2[-9 ﬂ'; + 0 ﬂ—e- + 4AI3 TT;] W} . (7.14)

From (7.12), with (7.11) and (4.8)2, if follows that the N's

are all non-negative if




1
(Ag-xi)(xf-x

2
5)

and the two conditions obtained from it by cyclic permutation

of the subscripts on the A's are satisfied.
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principal direction must be positive for stability to obtain. (ii) In the
initial pure homogeneous deformation one pair of faces of the block is force-
free. The superposed infinitesimal pure homogeneous deformation has one of
its principal directions normal to these faces, which remain force-free, and
the principal extension ratio corresponding to another is unity. The
incremental modulus corresponding to the third principal direction must be
positive for stability to obtain.
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